In this paper we construct a family of variational families for a Legendrian embedding, into the 1-jet bundle of a closed manifold, that can be obtained from the zero section through Legendrian embeddings, by discretising the action functional. We compute the second variation of a generating function obtained as above at a nondegenerate critical point and prove a formula relating the signature of the second variation to the Maslov index as the mesh goes to zero. We use this to prove a generalisation of the Morse inequalities thus refining a theorem of Chekanov.
Introduction
In [1] Arnold calls a Legendrian embedding/ : L -» J l M, into the 1-jet bundle, that can be obtained from the zero section by a smooth deformation through Legendrian embeddings a quasi-function. Intersections of / with M o x R, where M o denotes the zero section of T*M, are called critical points of / and these are said to be nondegenerate if the intersection is transverse. It can be shown that every such quasi-function is of the form/ = VfU 0 x{0), where \jr = rj/ 1 for some contact isotopy W)o<t<\ of J X M. Under the assumption that M is closed (that is, compact and boundaryless) and a Riemannian metric on M has been chosen, we show that to each nondegenerate critical point c e L of / we may naturally assign a number [3] Generalisation We show that such discretisations always exist for N sufficiently large and H having compact support. 
will be nondegenerate. We show that, given a critical point c e^ with the same property, for sufficiently large N the signature of the second variation of the discretisation is given by: This generalises a theorem of Robbin and Salamon in [14] for quadratic Hamiltonians. Also, it strengthens the theorem of Viterbo [17] which states that, in the symplectic case, the difference of the signature of the second variation of <P N at two critical points is independent of N, but at the cost of having to take N sufficiently large.
The action functional and its discretisation are extended to the 1-jet bundle of a closed manifold M as follows. First, M is embedded in R* for a suitable k. Next, a lift H: y'R*-*-R of His chosen such that H \ y i R * u = Hop, wherep:
M is the natural projection map. Finally, the appropriate action functional is defined to be 4># restricted to the space of paths having x(l) e M, and similarly for the discretisation. Theorem 1.1 follows from generalising Proposition 1.2 and appealing to the stabilised Morse theory (the Conley index).
Contact structures
In this section we recall some basic notions of contact structures. A contact structure on a 2n + 1 -dimensional manifold Q is a maximally nonintegrable field of hyperplanes £ c T Q. If we assume that £ is transversally orientable, that is, £ is given by the kernel of some 1-form a, then the contact condition can be stated as (1) aA(da)"^0.
In this case a is said to be a contact form for the contact structure £. An important equivalent formulation of the contact condition (1) is that da is a nondegenerate 2-form on §. Given a contact manifold (Q, £) and an integral submanifold L c Q note that, for each p € Q, the tangent space T p L is an isotropic subspace of the symplectic vector space (% p ,da p ), that is, da p vanishes on T P L. This implies, in particular, that the dimension of L can be at most n. In such a case L is said to be Legendrian.
A diffeomorphism i/f: Q ->• Q which preserves the oriented field of hyperplanes £ is called a contactomorphism, that is, equivalently, if A contact vector field is defined to be a vector field X : Q -*• TQ which satisfies 3f x a = ha for some function h: Q -> R.
The contact Hamiltonian associated to a contact vector field X: £) -*• T Q is defined to be the function / / : M -> R given by
It is easy to check that every function H: Q ->• R is the contact Hamiltonian of a unique contact vector field X = X H : Q - (2) . We express this in local coordinates.
About any point (c, z) 6 J X M one can construct a distinguished set of local coordinates x i , . . . , x n , y\,... , y n , z in which a takes the form Using these coordinates it is easy to check that X is given by Hamilton's equations:
and thus ifr' is the time-f map of the flow associated to Hamilton's equations for H.
The variational principle
In this section we describe an abstract method for generating all solutions of Hamilton's equations in the 1-jet bundle J 
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Note that at a fibre critical point c the differential of <$> H is given by
It thus follows that c is a critical point only if c(l) € M o .
Variational families
The notion of a variational family formalises the variational principle that was considered in the previous section. In this section we consider some basic properties of variational families in general. We start by briefly recalling some ideas from the theory of symplectic reduction.
Suppose 
for all p e L fl W, then the image of L in P' is also Lagrangian, but may only be immersed.
To pass from Lagrangian immersions to Legendrian immersions we use the process of contactisation. This applies to all symplectic manifolds (P,co), where the symplectic form is given as the differential of a 1-form -X. Such manifolds are said to be exact. A contactisation of an exact symplectic manifold (P,co) is a contact manifold (P x R, dz -A.), where A. is a 1-form satisfying the relation co = -dX. Here z denotes the coordinate on K. Given an exact symplectic manifold (P,a>),
is Legendrian. Conversely, it is easy to see that if/ admits a lift, then it must be exact. Note, however, that the contactisation of an exact Lagrangian immersion is not unique since the function S is unique only up to the addition of a locally constant function.
We now give the definition of a variational family. This is a pair consisting of a fibre bundle n: E -*• X and a smooth function <t>: E ->• R. The variational family is called transversal if the graph of d<$> in T*E intersects the conormal bundle of the fibres
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transversally. For a transversal variational family (£\ 0 ) , the set of fibre critical points is given by
which by transversality is a manifold. To each fibre critical point we can uniquely associate a covector v* e T* (c) X by the relation v* o dn(c) = d<&(c). This gives rise to a map i<j>: ^E.G -*• J l X given by mapping c e ^€ E ,<t> to the 1-jet (n(c), v*, ^(c)).
The following proposition is due to Hormander [10] . We include here a proof for the sake of completeness. PROPOSITION 4.1. Given a transversal variational family (E, <J>), themapi®:
PROOF. Note that the graph of cf<t> is a Lagrangian submanifold of T*E and N E is a coisotropic submanifold. Note also that the quotient N E /~ can be identified with T*X. It follows from the above discussion that the map i'^: ( 
Moreover, if both variational families are transversal, then L^u is the reduction of L<t.
PROOF. The first part of the lemma follows easily by choosing local coordinates on X in which M is linear and the second part follows by a direct calculation.
• 
Continuous-time theory
In this section we assume that M is a closed manifold embedded in K* and that i/r': 7'M -> 7 ' M is a given contact isotopy. We construct a variational family (,5V, <t> H ) on R k whose restriction to M, {&, <£), generates the Legendrian submanifold \jr' (M o x {0}) c J' M, and consider the second variation of the function 4>. Denoting by p:
Construction of variational family. Suppose that
follows that H descends to a time-dependent Hamiltonian H:
We insist that H, is C 
Here T*M has been identified with TM, using the induced inner product, and n (x) e \H kxk denotes the orthogonal projection onto T X M. It follows lhatx,(p) e T X M and
then it has the property that
[11]
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To see this note that the subspace to N v(p) . Property (7) now follows from the fact that the fibers of p are connected.
Consequently, we may define xfr' :
Clearly f is a diffeomorphism. That V' is a contactomorphism follows from a direct calculation using the identity j *a = p*a.
(iii) implies (i). Since <p' descends to a contact isotopy \j/' on J l M it is clear that <p' preserves 7'K*| M . Also it follows that the contact vector fields X, X generated by the isotopies <p', \jr' respectively are related by p t X = X. These satisfy i(X)a = -H, i{X)a --H, where H is the Hamiltonian function generating ifr'. A direct calculation now shows that H and H are related by (6) . This completes the proof of the lemma.
• REMARK 5.2. It follows from Lemma 5.1 that, when H satisfies (6), there is a commutative diagram
but note that <p' is not uniquely determined by the restriction of H to /'R*| M .
We now return to the main problem and assume, from now on, that our contact isotopy \j/' is generated by H. We define the variational family (^, O) as follows.
Let & = ^V , w be the space of paths 
((y(t),x(t)) -H(t,x(t),y(t),z(t)))dt, Jo
where z: [0, 1] ->• K is the unique solution of the initial value problem (8) z and by % = "i> cM the tangent space of £ at c: where £ = 9, V| f 2 or more concisely, by using the substitution A. -£ -(y, 9 S| £ 2 ), as
(t) = (y(t),x(t))-H(t,x(t),y(t),z(t)), z(0) = 0.
Since k(0) = 0 the solution to this ODE evaluated at t = 1 is In such a case we will say that c is a nondegenerate critical point of <t >. (M 0 X {0}) C J ' M . This is done in two stages. The first stage is to consider the special case when M is R" and the contactomorphism V' is C-close to the identity. The second stage is the general case. Alternative constructions are given by Chekanov [5] and Theret [16] . The corresponding construction in the case of cotangent bundles was first carried out by Laudenbach and Sikorav [11] .
Generating functions of type V.
When M is R" and the contactomorphism is C-close to the identity it turns out that the contactomorphism is generated by a function defined on R" +l . We explain this presently.
Let <p: J' R* ->• J' R* be a contactomorphism and denote it as follows:
yo,zo)).
A generating function of type V for <p is a function V:
if and only if (xi, y\, z\) = <p(x 0 , y 0 , z 0 )-This generalises the notion of a generating function of type V, as defined in [12] , to the contact setting. In case <p admits a generating function of type V note that cp has compact support (that is, <p is equal to the identity outside a compact set) if and only if V has. 
{yu d yi V) -V).
The hypotheses on V ensure that /x and v are diffeomorphisms. We define cp to be the composition v o /x' 1 . That <p is a contactomorphism is seen directly as follows. Expand the formula for the contact 1-form a = dz\ -£ >>n dx u . After cancellations this becomes The pseudo-linear case. When <p is the time-/i map of a contact isotopy generated by a quadratic Hamiltonian G the pair (£1, r) { ) is given in terms of (fo, ?7o) by VW (20) where a > 0 and are as given in Remark 5.10. In this case the condition of <p being C'-close to the identity is replaced by requirement that 
W(x, f) = (x, y N ) -J2 Vj-dxj-uyj, Zj-t).
Also, the gradient of W with respect to £, 3 ? W, is bounded. where tj = j /N and N is sufficiently large so that the hypotheses of Proposition 6.1 (ii) hold for each V^. A disadvantage of this method is that it does not generate the original Legendrian submanifold but one that is close to it. This is the approach used by Robbin and Recall that in the continuous-time case given a critical point c of <f > we can construct a functional <J> C whose second variation agrees with the second variation of 4> at c (see Remark 5.9 ). The following proposition shows how <t>^ and 4> c are related. PROOF. This follows immediately from Corollary 6.11, Corollary 4.6 and Remark 5.7.
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The Maslov index
In this section we define the Maslov index for the points of intersection of i/r'(Mo x {0}) and M o x R, assuming that the intersection is transversal. We begin by summarising the properties of the Maslov index for various spaces of paths that we will require. Proofs of these may be found in [13] .
Let 
Y(t) = Y(t) T X(t)
for all t. Also, let V e Jzf(k) be a fixed Lagrangian subspace. A crossing for the path A is a number t e [a, b] such that A(f) intersects V nontrivially. At a crossing t the crossing form is defined to be the quadratic form
T(A, V, t): A ( f ) n V-+R
given by 
v^(X(t)u,Y(t)u)-(Y(t)u,X(t)u),
We now state some properties of the Maslov index. If we assume that the embedding M °-> R k is an isometry, then this definition is independent of the choice of embedding. Indeed, the induced Riemannian structure on T* M, via the embedding M <-^-R*, induces a splitting of T p (T* M) into a horizontal and a vertical space:
given by This proves the lemma.
)(v) = (X(t)u, Y(t)u) -(Y(t)u, X(t)u) = (Y(t)u', T(t)u
•
The signature identity
In this section we generalise the signature theorem of Robbin and Salamon in [14] to the case of nondegenerate critical points of the action functional on the 1-jet bundle of a closed manifold. This strengthens the theorem of Viterbo [17] , which states that, in the symplectic case, the difference of the signature of the second variation of <t> N at two critical points is independent of N, but at the cost of having to take N sufficiently large. Below we prove a result which implies this theorem. The proof we give is based on that given by Robbin and Salamon [14] in the case where F = R k , B = 0 and G is independent of z.
PROOF. Without loss of generality assume that Af, B = {(£', 0, -B£', IJ") e R" x K*-" x R" x K*"" = R 2k : f' e 0T, rj" e R*""} where dim F = n and where B 6 K" M is symmetric. The proof of the theorem now proceeds in three steps. STEP 
The theorem holds in the case
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